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Abstract 

We consider the adjacency operator of the Linial-Meshulam model for random simplicial com¬ 
plexes on n vertices, where each d-cell is added independently with probability p to the complete 
(d— l)-skeleton. Under the assumption np{l —p)^ log^ n, we prove that the spectral gap between 
the smallest eigenvalues and the remaining (^Zi) eigenvalues is np — 2^ydnp{l — p) (l-|-o(l)) 

with high probability. This estimate follows from a more general result on eigenvalue confinement. 
In addition, we prove that the global distribution of the eigenvalues is asymptotically given by the 
semicircle law. The main ingredient of the proof is a Fiiredi-Komlos-type argument for random 
simplicial complexes, which may be regarded as sparse random matrix models with dependent 
entries. 


1 Introduction 

The Erdos-Renyi graph |ER.591 IER.61| G{n,p) is a random graph on n vertices, where each edge is 
added independently with probability p. The spectrum of its adjacency matrix has been extensively 
studied |EK81[ IEKS891 iFOnbl KlOOZl IHKP12I IEKYY121 IEKYY13j . Generally, the spectrum of the 
adjacency matrix of a graph encodes many important properties of the graph, in particular relating to 
its connectivity and expansion properties |AM851 IAI086I INil911 IChu971 IHLW061IKS061ICRSIO] . From 
the point of view or random matrix theory, the adjacency matrix of G{n,p) is a symmetric sparse 
random matrix with independent upper-triangular entries. 

In this paper we study the spectra of random simplicial complexes. We consider the Linial- 
Meshulam model |LM06) . which is high-dimensional generalization of the Erdos-Renyi model. Given 
n, d G N and p G [0,1], the Linial-Meshulam model X = X{d, n,p) is a random d-dimensional complex 
on n vertices with a complete (d—l)-skeleton in which each d-cell is added independently with probabil¬ 
ity p. For d = 1, the Linial-Meshulam model reduces to the Erdds-Renyi model G{n,p). Following its 
introduction in |LM06j . the Linial-Meshulam has been extensively studied in |MW09[ IKozlOi [BHKlli 
|Wagll[ IGGEK121IHKP121 [HJT^ IHKP131IALLM131IGW141 ILPTI] . The notion of adjacency matrix 
has a natural extension to simplicial complexes, whereby the adjacency operator of a complex A is a 
self-adjoint operator that encodes the information whether two (d— l)-cells belong to a common d-cell 
or not. 

As for graphs, the spectrum of the adjacency operator, in particular its spectral gap, determines 
a notion of spectral expansion. There has recently been considerable interest in high-dimensional 
expanders, namely analogs of expander graphs in the context of general simplicial complexes. Unlike 
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the graph case d = 1, where various different notions of expansion are closely related, in the high¬ 
dimensional case d > 1 the several notions of expansion that have been proposed in the literature are in 
general far from being equivalent, and the relationship between them is still poorly understood. Notions 
of expansion for d > 1 that have been proposed include the aforementioned spectral expansion |Gar73l 
IGW14| IGP14| |Oppl4| , combinatorial expansion |PRT15| IParl3| IGoll31 IGS14| IGMRT14] , geometric 
and topological expansion [GrolOl [FGL~*~12[ IMW 141 IDKWlSi lEvr 15] . F 2 -coboundary expansion |LM06I 
IMWnm IGroini IDK121ISKM14IIGW14I IT.M15] and Ramanujan complexes |GSZn3l ITOl IT.SVn5[ IGFMI 
IEGL151 IKKL14] . In addition, the adjacency matrix can be interpreted as a generator of a stochastic 
process which is a high-dimensional analog of simple random walks, see [PRTllM^ lR osl4j for more 
details. A recent survey can be found in |Lubl4| . 

From the point of view of random matrix theory, the adjacency matrix of the Linial-Meshulam 
model is a sparse self-adjoint random matrix. The entries of this matrix are independent (up to 
the self-adjointness constraint) if and only if d = 1. Indeed, the independent random variables are 
associated with d-cells, while entries of the adjacency matrix are associated with pairs of (d — l)-ce//s; 
these two notions coincide if and only if d = 1. The algebraic relationship between the independent 
random variables and the matrix entries is governed by the simplicial structure. 

We now give an informal summary of our results. Throughout the following we use the abbreviation 


q :=p{l-p). 


( 1 . 1 ) 


Under the assumption nq ^ log^ n and fixed d, we prove that the N := (()) = + (^Zi) eigenvalues 

of the adjacency operator are with high probability confined to two separate intervals: denoting by 
< A 2 < • • • < Aat the eigenvalues of the adjacency operator, we have with high probability 


Aj G 


Vdng [-2 - 0 ( 1 ), 2 -I- 0 ( 1 )] ifi<("^^) 


np + [—7d, 7d] 




( 1 . 2 ) 


The first estimate is optimal, while the second one is not (in fact the constant 7 may be easily improved). 
See Figure o for an illustration. As an immediate corollary, we obtain the spectral gap 


A(„-l)^, - A(n- 


= np — 2 -^dnq (1 -|- o(l)). 


(1.3) 


We refer to Theorem 2.1 and Corollary |2.4| below for the precise statements. 

Previously, a related confinement result for the eigenvalues of the Linial-Meshulam model was 


established in |GW14l Theorem 2], where the authors assume that nq logn and establish (1.2) with 
the larger intervals y/nq[—C,C] for i < ("Z^) and np + y/nq[—C,C] for i > where C is some 

positive constant. This implies a spectral gap ( |1.3[ ) equal to np + 0{y/nq). Hence, at the cost of the 
stronger assumption nq ^ log^ n instead of nq ;g> log n, we improve the confinement of |GW14) by 
obtaining the optimal constant for the size of the interval in the first case of ( 1 . 2 ), and by improving 


the size of the interval in the second case of (1.2) by a factor {nq) Together, these improvements 


allow us to identify the subleading term in the spectral gap (1.3). 

Finally, we prove that when ng —)• 00 the empirical spectral measure is asymptotically given by 
Wigner’s semicircle law |Wig58| on the interval y/dnq [—2, 2]. In particular, this implies the optimality 
of the first bound of (1.2). This result extends the well-known semicircle law for G{n,p) to high¬ 


dimensional simplicial complexes. 

We conclude this section with a few words about the proof. The main ingredient of the proof is a 
Fiiredi-Komlos-type argument for random simplicial complexes. The Fiiredi-Komlos argument involves 
estimating the expectation of the trace of a very high power of the centered adjacency matrix, by 
encoding the many resulting terms using walks on graphs. A fundamental observation in the original 
Fiiredi-Komlos argument is that, owing to the vanishing expectation of the entries of the centered 
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Figure 1.1: A histogram of the eigenvalue distribution of A for the values {d,n,p) = (2,200,0.2) (top) 
and {d,n,p) = (2,200,0.4) (bottom). The two intervals on the right-hand side of (1.2) are indicated 
using red regions. 


adjacency matrix, each edge of the graph must be crossed at least twice, leading to a reduction in the 
number of admissible walks. For d > 1, this is no longer true because of the dependencies among the 
matrix entries. Obtaining sharp enough upper bounds on the number of admissible walks represents 
the main work in our proof. As it turns out, for d > 1 the mechanism behind the reduction in the 
number of admissible walks is more subtle, and, unlike for d = 1, nonlocal. We refer to Section]^ for 
a more detailed discussion on how to estimate the number of admissible paths. Finally, in Section 
1 ^ in order to prove the second case of (1.2), we need to modify the argument described above to 
obtain smaller bounds, by a factor for the restriction of the adjacency matrix to an explicit 

-dimensional subspace (denoted by imP in Sectionjb). This estimate is obtained by a twist of the 
argument developed in Section Our main results then follow easily from these estimates, combined 
with eigenvalue interlacing bounds and second order perturbation theory (see Sections and |^ . 


2 Results 

Let A be a finite simplicial complex with vertex set V of size n. This means that A is a finite collection 
of subsets of V, called cells, which is closed under taking subsets, i.e., if r G A and cr t, then a € X. 
The dimension of a cell a is |(t| — 1, and denotes the set of cells of dimension j, which we call j-cells. 
The dimension of A, which we denote by d, is the maximal dimension of a cell in it. We assume that 
the complex has a complete {d — l)-skeleton, by which we mean that A contains all subsets of V of 
size at most d. 

For j > 1, every j-cell a = {it®, ..., a^} £ X ^ has two possible orientations, corresponding to the 
possible orderings of its vertices, up to an even permutation. We denote an oriented cell by square 
brackets, and a flip of orientation by an overline. For example, one orientation of a = {x, y, z} is 
[x,y,z] = [y,z,x] = [z,x,y]. The other orientation of a is [x,y,z] = [y,x,z] = [x,z,y] = [z,y,x]. 
We denote by A^ the set of oriented j-cells (so that |A;^| = 2|A-^| for j > 1). Moreover, we set 
Xl = X^ = V. 

For j > 1, the space of j-forms on A, denoted by kl^{X), is the vector space of skew-symmetric 
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functions on oriented j-cells: 


= n^iX) := {/ : ^ M I f{a) = -f{a) Vcr G . 

In particular, is the space of flows on edges. We endow each with the inner product 

if, 9 ) = 

Note that f{a)g{a) is well-defined since its value is independent of the choice of orientation of the 
j-cell a. 

Next, define the boundary da of the {j + l)-cell a = {a ^,..., a^~^^'\ G as the set of j-cells 

{(T*’,..., ..., a^} ioT 0 < i < j + 1. An oriented {j + l)-cell [cr®,..., G X^^^ induces 

orientations on the j-cells in its boundary, as follows: the cell {cr*^,..., ..., is oriented 

as (—..., ..., a^~^^], where we use the notation ( —l)r := r. 

The following neighboring relation for oriented cells was introduced in |PR12| : for a, a' G X^ ^ we 

denote a' ^ a (or a ~ a') if there exists an oriented d-cell r G X^ such that both cr and a' are in the 
boundary of r as oriented cells (see Figure 2.1 for an illustration in the case d = 2). 



Figure 2.1: Left: an oriented 2-cell and the orientation it induces on its boundary. Right: an oriented 
1-cell in a 2-cell together with its two oriented neighboring 1-cells. 


The adjacency operator A = Ax of a complex X on the space ^(X) is defined by 


Af{a) := f{a'), V/ G n‘^-\X), a G X 


d-l 


( 2 . 1 ) 


This definition is a rather direct way to introduce the adjacency operator. An equivalent, and more 
conceptual, definition is A = D — A"*", where D is the degree operator of (d — l)-cells (the degree of a 
j-cell is the number of (j -|- l)-cells which contain it) and A"*" is the upper Laplacian originating in the 
work of Eckmann |Eck45j . More on the connection between A, A"*" and the homology and cohomology 
of the complex can be found in |Hatn2[ IGW14] . See also |PRT15[ IMS 131 IRosl4] for the connection to 
random walks on simplicial complexes. 

We denote by X = K{d,n) the complete d-complex on the n vertices in V and by A := Ak its 
adjacency operator. 

Coming back to the Linial-Meshulam model, for n, d G N satisfying n > d+1, and p = p(n) G [0,1], 
the Linial-Meshulam complex X = X{d,n,p) is a random d-dimensional complex on n vertices with 
a complete (d — l)-skeleton in which each d-cell of K is added to X independently with probability 
p. This in particular implies that X^ = for every 0 < j < d — 1 and thus also ^■^(X) = W{K) 
for 0 < j < d — 1. We denote by P = and E = E„ the probability measure and expectation with 
respect to the law of X. Note that for d = 1 this is exactly the Erdos-Renyi model G{n,p). 

Throughout this paper we fix d > 2. All of our results also hold for the case d = 1 which was already 
extensively studied in the literature; see |Wig58 IFK811 IFOn51 ICOOTl IHKP12] and the references 
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therein. The adjacency operator of X, A = Ax, is a self adjoint operator on the N = 
dimensional space 

We now state onr main resnlts. 




Theorem 2.1 (Eigenvalne confinement). For every d > 2 there exists a positive constant C > 0 
depending only on d such that the following holds with probability at least 1 — n~^ for all D > 0. 

(1) For every ^ > 0, if nq > log^ n then the smallest eigenvalues of A lie in the 

interval yjdnq [—2 — 2 + ^]. 

(2) If nq > (7(1 + Zlj^log'^n and glog^n < (g(i+_D)8 ^ the (()Zi) largest eigenvalues of A lie in 
the interval np + \—Id, 7d\. 

Remark 2.2. In Theorem |6.1| below, we give a slightly more precise version of Theorem 
instance, we can replace (2) with the following statement. 

{2') If nq > (7(1 + Hj^Iog^n then the (()Zi) largest eigenvalnes of A lie in the interval 

np+{6d +ODi^/q'^og^ n)) [-1,1]. (2.2) 


2.1 For 


From Theorem |2 .1 1 and Remark 2.2, we immediately get the following resnlt. 

Corollary 2.3 (Spectral gap). For every d >2 there exists a positive constant (7 > 0 depending only 
on d such that for all > 0 and D > 0 satisfying nq > log^ n we have 

= np - 2^/dnq (l + OdU)) 

with probability at least 1 — n~^. 

For the following resnlts, where n —)• oo in probability space, we conple all random complexes 
{X{d,n,p))n(=n ill th® standard fashion. Namely, we work on the probability space generated by the 
family of i.i.d. random variables {Xt)t indexed by all d-cells r on the infinite vertex set {1, 2,3,... }, 
where Xt is a Bernonlli-p random variable. Thns, for any n > 1 and a d-cell r C {1,..., n}, we set r 
to belong to X{d, n,p) if and only if Xr = 1- 

Corollary 2.4. Fix d > 2 and an open interval I containing [—2,2]. //limn->.oo = oo, then, 

almost surely, the smallest eigenvalues of A lie in y/dnql for all but finitely many values of n. 

An analogons resnlt holds for the largest ([)Zi) eigenvalnes, whose precise statement we omit. 

Onr final resnlt is abont the eigenvalne distribntion of A. For a self-adjoint operator B operating 
on an Wdimensional space, denote by its eigenvalnes in non-decreasing order and by 


1 


N 


i=l 

the empirical spectral measnre of B. 

Theorem 2.5. If d > 2 and lim,i^oo nq = oo, then, almost surely, 

V 


(2.3) 


L 


(dnq)~^i^A 


(2.4) 


where v{(lx) ;= ^^ ts the semicircle distribution. 


2n 

Remark 2.6. It follows from Theorem 


2.5 


that the constant 2 in the interval y/dnq [—2 — 2 -|- ^] 

from Theorem |2.lK l) is optimal. In fact, it is an easy corollary of Theorems |2.1| and |2.5| that if 
lim„_,.oo ”1 = oo then lim„^oo(dn( 7 )“^/^A('n-i', = 2 and limn^ao{dnq)~^^‘^Xi = —2 almost snrely. 

See also Remark 15.21 below. 
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Conventions. We use C to denote a generic large positive constant, which may depend on some 
fixed parameters and whose value may change from one expression to the next. If C depends on 
some parameter k, we sometimes emphasize this dependence by writing Ck instead of C. Moreover, 
for /,S' : N —>• M we write f{n) = Ok{g{n)) to mean /(n) < Ckg{n) for all n G N. Finally, we 
abbreviate [nj := {1,..., n}. The letters d, i,j, k, I, m, n, s, N are always used to denote an element in 
N = {0,1,2,...}. 

From now on, we consistently use a for (oriented or non-oriented) (d — l)-cells, and r for (oriented 
or non-oriented) d-cells. 


3 Semicircle law for ^4 — E[74] 

In this section we prove the semicircle law for the centered and normalized adjacency matrix 


H : = 


^/nq 


(A-E[A]). 


(3.1) 


More precisely, we prove that the empirical spectral measure Lh converges to the rescaled distri¬ 
bution zzrf(dx) := ^ ~ 


V 


Theorem 3.1. Fix d> 2. If lim^i^oo nq = oo, then as n —)• oo almost surely Lh —?■ nu- 


Using Theorem 3.1, we shall conclude the proof of Theorem 2.5 in Section below. The proof of 
Theorem 3.1 is based on the moment method (see e.g. the presentation of [AOZlOl Section 2.1] for the 
classical case of independent matrix entries), and is the subject of the rest of this section. Along the 
proof, we also record several definitions and notions that will be used for the proof of Theorem |2.1| in 
Sections mu 


By a standard truncation argument and the Borel-Cantelli lemma. Theorem 3.1 follows from the 
two next lemmas (see |AGZ101 Section 2.1.2] for details). 


Lemma 3.2. If lim„^oo nq = oo, then for every fixed A: G N 


lim E 

n^oo 


x^Lnidx) 


= / x^Udidx) = 


{ 0 if kis odd 

d^/ 24/2 tfk is even ’ 


where Ck '■= fc) *-5 the k-th Catalan number. 

Lemma 3.3. For every fixed k we have 

Var ( [ x^Lnidx) ] < Ok 


n'^{nq) 


(3.2) 


The rest of this section is devoted to the proof of Lemma [3.2[ The proof of Lemma [3.3] is a standard 


adaptation of the ideas of the proof of Lemma 3.2 and we omit its details. We begin with definitions 
that we use throughout the remainder of the paper. 

First, we need an explicit matrix representation of the adjacency operator. We fix an arbitrary 
choice of orientation of the {d — l)-cells C K'^^, which in turn induces a choice of orientation 

on the (d— l)-cells of X since = K^~^. Note that there is a natural bijection between and 

and hence also between and X'^~^. From now on, by a slight abuse of notation, using this 

bijection we often write cJi U a 2 and ai Pi ct 2 for oriented (d — l)-cells cti,cJ 2 to denote the union and 
intersection of the corresponding unoriented cells. 
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'sd—l 


defined by 


The orientation K‘^ C gives rise to an associated orthonormal basis 

1 if fj' = cr 

Then the adjacency matrix is an matrix (^o-o-') with entries := (1^, Al^i). Explicitly, 

(3.3) 


1 if fj' = cr 

— 1 if cr' = CJ . 

0 otherwise 


A(j fj' < 


1 if cr ~ cr' 

— 1 if cr ~ cr' . 

0 otherwise 


In particular, 


E[^] = pA, 


(3.4) 


where we recall that A is the adjacency operator of the complete d-complex K. 

Next, we introduce the basic definitions underlying the proof of Lemma |3.2[ They are illustrated 
in Figure 

Definition 3.4 (Words). An (n, d)-letter a (or shortly a letter) is an element of An (n, d)-word 

w (or shortly a word) is a finite sequence cri ... cifc of letters at least one letter long such that cjj U crj+i 
is a d-cell in K for every 1 < i < k — 1. The length of the word cJi ... cr^ is defined to be k. A word is 
called closed if its hrst and last letters are the same. Two words w = ai... ak and w' = a'l.. .a'^ are 
called equivalent if there exists a permutation vr on = V such that '7r(crj) = cr' for every 1 < i < k, 
where for cr = [cr°,..., cr'^“^] G X^~^ we write 7r(cr) = [vr(cr°),..., 7r(cr'^“^)]. 


3.1 


Definition 3.5 (Support of a word). For a word w = ai... ak we define its support by suppQ(t(;) = 
cJi U 172 U ... U CTfc and its d-cell support by supp^(t(;) = {ai U cTj+i : 1 < f < fc — 1}. 


Definition 3.6 (Graph of a word). Given a word w = ai.. .CTk we define Gw = {Vw, Ew) to be the 
graph with vertex set Vw = {cr^ : 1 < * < A:} and edge set Ew = {{crj,crj+i} : 1 < f < fc — 1}. To 
avoid confusion, from this point on we consistently use the words vertex and edge to describe elements 
of Vw and Ew respectively; elements in X^ and X^ are always referred to as 0-cells and 1-cells. 

The graph Gw comes with a path, given by the word w, that goes through all of its vertices and 
edges. We call each step along the path, i.e. crjCJj+i for some l<i<fc — 1, a crossing of the edge 
{(Tj, crj_|_i} and a crossing of the d-cell (Tj U (Tj+i. The path gives a natural ordering of the vertices 
and edges of Gw, and of the d-cells in supp^(rc) according to the order of their first crossing along w. 
Finally, for an edge e G Ew define Nw{e) to be the number of times the edge e is crossed along the 
path generated by w in the graph Gw. Given an edge e G Ew and 1 < z < Nw{e), the i-th crossing 
time of the edge e is given by the unique 1 < j < A; — 1 such that cTj ccj+i is the i-th crossing of the 
edge e along the path w. 


The edges of a graph Gw, associated with a word w = ai ... ak, can be divided into different classes 
according to the d-cell generated by the two (d — l)-cells in its endpoints. This is done as follows. 

Definition 3.7. For a d-cell r let Ew{t) = {{cr, u'} G Ew ■ crUcr' = r} and define (with a slight abuse 
of notation) 

Nw{t)= Y. 

eeEu,(r) 

to be the total number of times the d-cell r is crossed along the path generated by the word w. As for 
edges of the graph, given r G X'^ and 1 < i < Nw{t) we define the i-th crossing time of a d-cell r to 
be the unique 1 < j < A — 1 such that cjjcjj+i is the i-th crossing of the d-cell r along the path w. 
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For a, a' G ^ the condition cr U cr^ G K‘^ can mean one of two things, either a ^ a' ox o ^ a'. 
For future use we denote the set of non-neighboring edges whose union is r by 


Ey,{T) = {{a,a'} e E^{t) 

so that Ew{t) \ Ew{t) = {{cr, cj'} G E^{t) : a ~ a'}. 



[1,4] 


[4,5] 


Figure 3.1: We illustrate Definitions 3.4 3.7 for the word w = [1, 2] [1, 3] [1,4][4, 5][1,4][1, 5][5,6] (note 
that w is indeed a word since the union of any two consecutive 1-cells is a 2-cell). The 0-cell support 
suppo(u^) and d-cell support supp^(r(;) (for d = 2) of the word w are given in the figure and the 
associated graph is drawn. The path induced by w on the graph Gw is illustrated by the red path. 
Note that the edges {[1,4], [1, 5]} and {[1,4], [4,5]} (see blue area) belong to the same 2-cell {1,4,5}. 
We therefore have that ^".^,({1,4, 5}) = A}„({jl,4], [1,5]}) -|-A}„({[1, 4], [4,5]}) = 2-|- 1 = 3. As for the 
non-neighboring edges, we have for example ^^^({l, 4, 5}) = {{[1,4], [4, 5]}}. The first crossing time of 
the edge {[1,4], [4, 5]} is 3 and the third crossing time of the d-cell {1,4, 5} is 5. 

We remark that for d = 1, there is no distinction between Nw{t) and Nw{e), since in that case the 
edges of the graph are naturally associated with 1-cells. 

Abbreviate B = A —E[A] = A — pA. For a fixed G N, we wish to understand the limiting behavior 
of E (dx)]. Since for A: = 0 we have E (dx)] = 1 we will assume that A: > 1. The 

starting point of the moment method is the identity 


E 


x^Lh{Ax) 




E 

(71,...,cr^eX^ 


IE [i?CTl (72-^(72(73 ■ • • -B(7fc_l(7fc-B(7fc(7l], 


(3.5) 


which follows easily from (2.3). 


Note that each term in the sum can be associated with a string of letters aia 2 - ■ -cTfccri. Since 
Bfj fj! = 0 whenever a VJ a' ^ it follows that we can restrict the sum in (3.5) to the case where 
(Tj U CTj+i G X^^ for 1 < A < A: — 1 and cr^ U ui G Consequently, the list of letters in the sum can 
be restricted to the set of closed words of length A: -I- 1. Using the independence structure of A for 
different d-cells and the definition of W,, we then have 


E 


x^Lh{<^x) 


y _^_ 

w a closed word 
of length A:-1-1 


n E 


ix-p) 


N^ir) 


sgn(rc,r). 


(3.6) 















where x is a Bernoulli random variable with parameter p and 


sgn(rt;,r) = (—l)^eeB„(r) 


(3.7) 


is a sign that depends on the parity of the number of crossings between non-neighboring (d — l)-cells 


in w. We write T(w) for the contribution of the word w to the sum in (3.6), that is 


Tiw) = 


N{nq)^/‘^ 


n E 

T&X‘>- 


(X sgn('«;,r). 


(3.8) 


Since E[x — p] = 0, it follows that T{w) = 0 unless Nyj{T) ^ 1 for every r G X'^. We can thus restrict 
the sum in (3.6) to words such that N^{t) ^ 1 for every r G X^. 


Recalling the dehnition of the equivalence relation for words, see Dehnition 3.4, we denote by [rc 


the equivalence class of w and observe that, because the term T{w) is invariant under permutations of 
X^, we have T{w) = T{w') for every pair of words w,w' such that [rc] = [u)']. 


Using the last observation and (3.8) we can rewrite (3.6) as 


E 


x^Lh (dx) 


ElHlrW, 


(3.9) 


where the sum is over a set of representatives for the equivalence classes of closed words of length k + 1 
such that Nyj{T) ^ 1 for every r G X'^. 

Next, we distinguish between different equivalence classes according to the number of 0-cells in 
their support. Denote by = Wg{n,d) a set of representatives for the equivalence classes of closed 
words of length A: -|- 1 such that N^{t) 7 ^ 1 for every r G X‘^ and |suppQ(tt))| = s. Note that this 
parameter is independent of the choice of the representative in the equivalence class. Using the fact 
that ^wiT) = k and recalling that we only consider words such that Nu,(t) 7 ^ 1 for every 

r G X'^, it follows that the number of d-cells such that iV^(r) > 0 is bounded by |_|J. 

Claim 3.8. |suppQ(t(;)| < |supp^(rc)| -|- d for every word w. 


Proof. The word w starts in a (d — l)-cells which contains d distinct 0-cells. In order to obtain a 
new 0-cells in the i-th crossing, one must observe in the crossing crjiTj+i a new d-cell. Since there are 
|supprf(rc)| distinct d-cells in w the result follows. □ 


Consequently, d < |suppo(tt))| < |supp^(t(;)| -|-d < |_|J -|-d. Using (3.9) together with the last claim 
we thus conclude that 



IH|r(«,) 

s=d 


1 




E 


HI 


n 

reXd 




ix-p) 


sgn('u;, r). 


(3.10) 


We record the following simple claims, whose proofs are straightforward. 

Claim 3.9. For every w G Wg, the number of elements in [re] is and in particular 

is bounded by . 

Claim 3.10. For every A: > 0 and d < s < [|J -|- d we have 

(3.11) 
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Also, observe that for w G 


n ® ix-p) 


N^{t) 


p(i-p) 


(3.12) 


r&X‘^ 


T&X<^ 

N^{t)>2 


< p{l - p) = gl™PPd("')l < gbupPo(«))|-<i ^ gS-d^ 


rex'* 

N^{t)>2 


where for the last inequality we used Claim 

Combining (3.12), Claim 3.9 and Claim [3d0 we conclude that for odd k and large enough n 


e 

s=d ^ •ujSWfreX'i 


sgn(u), r) 


[2]+'^ s s—d 

< E 


< 


ll\+^ 


{nqY 


( 1 ) 


II \+^ 




(nq) L' 


-\-d 


s=d 




N{nq)^/‘^ 


{nqy/'^ J ’ 


where for (1) we used that limn^oo nq = 00 , and in particular nq > 1 for large enough n. This 
completes the proof for odd k. 

Similarly, when k is even, one can separate the sum to s = | + d which we denote by Ri and the 
sum over s < | + d which we denote by R 2 , and obtain 


Thus, for k even we have 


R 2 — 0k4 { — 
\nq 


E 


x^L//(da;) 


— d?i + Ok4 { — 
' nq 


^n,^+d,d 

N{nqy/‘^ 


E n 






sgn{w, t) + Ok4 ( — 
' nq 


The following Lemma contains the key estimates needed to complete the proof. 

Lemma 3.11. The following claims hold for even k and w G Vy^^ 2 +d' 

(1) N^{t) G {0,2} for every d-cell r. 

(2) \Ew\ = I and A^(e) = 2 for every e G En,. In particular sgn(t(;,r) = 1 for every r G X'^. 


Assuming Lemma 3.11, the proof of Lemma |3.2| is now complete. Indeed, using the first two 

mma 3.11 yields for even k 

,3.13, 


equalities in (|3.12|) together with Lemma 3.11 yields for even k 
^ x^Lnidx) 


which gives 


lim E 

n^oo 


x^LH{dx) 


= Ckd^/^. 
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What remains, therefore, is the proof of Lemma 3.11 which contains the main novelty of the proof. 
In the graph case, d = 1, the fact that each d-cell is crossed either twice or not at all implies the same 
for the edges of the graph Gw For d> 2 this is no longer true, and it is not immediate that part (1) of 
Lemma 


3.11 


implies part (2), as each d-cell can be associated with up to ( ) different edges of G 


Proof of Lemma 3.11\ Fix w = cti(T 2 • • • crfecrfe+i £ '^k/ 2 +d ^i^h (Tk+i = (y\- We begin with the proof of 

implies 


3.8 


(1). As observed before, the combination of the upper bound |supP(^(t(;)| < with Claim 
that for w G have |supp^(u))| = |, which means that there are exactly | distinct d-cells 

such that Nu,{t) > 2 (recall that it is impossible to have Nu,{t) = 1). Since w is also a closed word of 
length A; -|- 1 we conclude that 


k 


2 < iV^(r) = ^ iV^(e) = k 




SGEu. 


and therefore Nyj(T) = 2 for each of the d-cells in supP(^(t(;). This concludes the proof of (1). 

Next, we prove (2). Let ti, ... ,Tk be the d-cells crossed along the path generated by w in the order 

2 

of their appearance. Since the d-cells appear along the path generated by w, we must have that for 
every 1 < i < | — 1 the d-cell Tj+i is attached to one of the d-cells ri,..., Tj along a joint (d — l)-cell 
in their boundary, and in particular Tj+i can add at most one new 0-cell to the 0-cells in ri U ... U Tj . 
Noting that suppo(rc) = ti U ... U , and recalling that for w G VVfc/ 2 +d have |suppo(rc)| = | -|- d, 

it follows that for every 1 < i < | the d-cell Tj+i contains exactly one 0-cell that does not belong to 
Ti U . . . U Tj. 

Next, we show that \Vw H dTi\ = 2 for every 1 < i < |, and thus in particular that the number of 
edges in is |, each of which is crossed precisely twice. The argument is separated into three cases, 
one of which is then further splitted into three subcases. Assume that there exists r G supp^(t(;) such 
that \Vw n clr| > 2 and let 1 < i < | be the minimal index such that \Vw H dTi\ > 2. Assume further 
that (T;cj;+i is the first crossing of r* and am is the hrst appearance of a (d — l)-cell in dri which is not 
ai or aij^i. Note that it is impossible to have m = I or m = I + 1. 


• Case 1: m < / (see Figure [3^a)). This case is impossible since it implies that the first crossing 
of Ti does not add a new 0-cell to the ones in ti U ... U rj_i. 


• Case 2: m > I + 1 and the first time the d-cell am-i U am appears along the path generated by 
w is in the crossing Um-iO'm (see Figure [T^ b)). This is impossible, because it means that the 
d-cell Tj = am-i U am does not add a new 0-cell to the ones in ri U ... U rj_i as it should. 

• Case 3: m > I + 1 and the d-cell tj = am-i U am already appeared along the path generated 
by w before the crossing 


Case 3.1: j < i. This is impossible, because it implies that r* is not the first d-cell with 
the property that | 14 ) H 5t| > 2 in the list. 

Case 3.2: j = i (see Figure [3^c. 2)). This is only possible if m = / -|- 2 (otherwise m is 
not the first appearance after / -|- 1 of a (d — l)-cell from the boundary of Ti). However, in 
this case one can define a new word w' = cr /+2 ■ ■ • o'k+i (^2 ■ ■ ■ where a' is a (d — l)-cell 

which is a neighbor of u; and contains a 0-cell that does not belong suppo('(c). The word 
w' has the same number of d-cells as the original word w, namely |supp^(r(;')| = 
one more 0-cell than w, i.e., |suppo(rc')| = | -|- d -|- 1. This however contradicts 
Case 3.3: j > i (see Figure [3l^c.3)). Denote by {ar,ar+\} the hrst edge crossed in the 


|, but has 


3.8 


d-cell Tj with / 1 < r < m. This gives yet another contradiction since the hrst appearance 
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of the d-cell tj did not add a new 0-cell to the ones in ri U ... U Tj_i as it should (we know 
that ar+i is obtained from ar by removing one vertex and necessarily adding a vertex which 
belongs to r* or otherwise am does not belong to dri). 

Since all cases leads to contradiction we conclude that |14, H dTi\ = 2 for every 1 < i < | and 
in particular, there is exactly one edge associated with each d-cell, namely \E^(t)\ = 1 for every 
r G supp^(t(;). This concludes the proof of (2). 






Figure 3.2: An illustration for the different cases of a d-cell r with |14) H clr| > 2. 

Finally, we prove (3). We start by showing that for w G graph Gw is a tree. Indeed, 

the graph Gw is connected by definition and it cannot contain a loop since this would imply that one 
of the d-cells does not add a new 0-cell in its first appearance. Since Gw is a tree that comes with an 
additional path covering its vertices and edges we can think of Gw as a rooted planar tree by declaring 
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the first letter of w to be its root and choosing a planar embedding of it that will make the path 
generated by w into a clockwise exploration path of the tree (see |AGZ10[ Lemma 2.1.6]). 

Finally, we tnrn to evalnate |Vy^^ 2 +dl- known, see for example [AOZlOl Lemma 2.1.6], 

that the set rooted planar trees with | edges is in bijection with Dyck paths of length k and is thns of 
size Cfc/ 2 - We will show that the set bijection with the set of rooted, labeled planar trees 

with I edges or more formally the set of rooted planar trees with a label from Id} attached to each of 
the tree edges. Since the total nnmber of possible labelings is it follows that |W^y 2 +dl ~ i 

thns completing the proof. 

It is hence left to constrnct the aforementioned bijection. To this end, we label the 0-cells of X 
by the nnmbers in [[n]| and associate with every j-cell a = {cr^,..., ci-^} G (j+i) ordering (cr) = 
(cT*°, ..., CT*-’ ) snch that < ... < . In order to make the bijection simpler to write we 

choose to work with the specific choice of orientation X\ associated with the above ordering defined 


by = {K,...,ct^] 


CT^ < 


< Finally, we fix a special representative w G y^k/2+d 


reqniring that the 0-cells in w are {1,..., ^ + d} and that they appear along the path w in increasing 
order. 

Given w G y^^/2+d define its rooted, labeled planar tree {GwAw) by letting Gw be the graph of 
the word w as defined in Definition 3.6 with the planar embedding that makes w into a clockwise 
exploration path. The labeling iw ■ Ew — t [[d]| is then defined as follows: For an edge {a, A} G Ew let 
1 < i < fc be the first integer snch that {cJi, (Ji+i} = {cr, a'}- Then we define £({cr, a'}) = j if and only 


if the (d — 2)-cell dj n dj+i is obtained from dj by deleting the j-th smallest 0-cell in it (see Fignre 3.3 
for an illnstration). 

In the other direction, given a rooted, labeled planar tree {G = {V,E),i : E —)• Id}), define 
w = ai... dfcdi G y^kl 2 +d following procednre: 

• Associate with the root of the tree the letter di = [1,..., d]. 

• Following the exploration path of the tree clockwise, if in the i-th step of the exploration the 

explored vertex appeared before, say in the j-th step, define d^ = aj. If the i-th explored vertex is 
a new vertex then define dj to be d* = where m = |diUd 2 U.. .Udj_i| -|-1. 

That is, dj is obtained from dj_i by deleting the £({dj_i, di})-th smallest nnmber in di_i (with 
^({di_i,dj}) being the label of the cnrrently explored edge) and adding a new 0-cell with the 
smallest nnmber that did not appear so far. 

One can easily verify that these two maps are inverses of each other, thns completing the proof. □ 


4 Proof of Theorem 12.51 

Since the eigenvalnes of {nq)~^^^{A + pdl) and {nq)~^^‘^ A are simplify shifted by which by 

assnmption tends to zero as n —)> oo, it is enongh to prove the semicircle law for the matrix {nq)~^^‘^{A+ 
pdl). 


Using (3.1) and (3.4) we can write 

1 


— ;— {A -\- pdl) — H -\— -— (A -|- dl). 

Am 


(4.1) 


Lemma 4.1 ( |GW14) Lemma 8). The eigenvalues of A are n — d with multiplicity (])_([) and —d with 
multiplicity ("■ • 
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[1, 2] [1, 3][1,4][4, 5][1,4] [4, 6] [4, 7] [4,6][1,4] [1, 3] [3, 8] [1, 3] [1,2]. (b) The path of the word w on the com¬ 
plex. 

It follows that the matrix A + dl has rank ([Jzj) and therefore by Weyl’s interlacing ineqnalities 
we have 

G Z, (4.2) 


\^iH) < A, (^-J={A + pdI)^ < Vi 


where for a self-adjoint, N x N matrix B we define Xi{B) = —oo for i < 1 and Xi{B) = -|-oo for i > N. 

For an X matrix B denote by kb{x) = Lb{{—oo, x]) the cnmnlative distribntion fnnction of its 
eigenvalnes. Let / be a smooth bonnded fnnction with a bonnded derivative. Then, nsing integration 
by parts we get 


/(^)d«(ng)-V2(A+pd7)(i?)- / fiE)dKH{E) 


f'{E) (^kh{E) - n^nq)-^/'2{A+pdi)iE)^ di7. (4.3) 


Dne to (4.2) the right hand side is bonnded by 

||/'||oo fn-1 


N \d-l 


= O 


ll/'l 


n 


and thns (4.3) goes to zero as n —)• oo. 


It now follows by an approximation argnment that 

/(^)d/^(„,)-i/2(^+p,,)(i?)- [ f{E)d^H{E) 


lim 

n^oo 


= 0 


(4.4) 


for every bonnded continnons fnnction /. Therefore, by Theorem 3.1 

lim L 


''{nq)~^/^(A+pdI) 


= lim Lh = Vd 


almost snrely (where the limits are in distribntion), and Theorem 2.5 follows. 


□ 
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5 Bounding the norm of H 


In this section we prove the following bound on the norm of the matrix H defined in (3.1). 
Theorem 5.1. Suppose that nq >2. Then for every > 0 we have 

F{\\H\\>2Vd + ^)<S{0, 

where we introduced the error probability 

S(() = exp Cdlogn - log (l + ^ 



(5.1) 


Remark 5.2. In particular, if lim„_^oo = oo it follows that from the Borel-Cantelli lemma that 

for every e > 0 we have almost surely limsup^^o^ ll-^ll < 2\/d + e. Since e was arbitrary we c onclude 
that limsup„_^oo ll-^ll — 2\/d almost surely. Observing that the semicircle law (Theorem 3.1) implies 


that almost surely liminf„_^oo ||.f^|| > 2 \/d we obtain that almost surely lim^^oo ||.f^|| = 2v^ 


The proof of Theorem 5.1 uses a Fiiredi-Komlos-type argument; see |FK811 lAGZlOj for a presen¬ 
tation of the classical Fiiredi-Komlos argument for matrices with independent entries. The main work 
is to estimate the number of equivalence classes in W^. This estimate is given in the following result. 


Proposition 5.3. For every k > 0 and d < s < [|j -|- d 


k-2(s-d) /yq, 3 \m 

iw;\ < d(2Vd}'‘ •£ 


m=0 


Equipped with Proposition 5.3, whose proof is postponed, the proof of Theorem 5.1 is standard. 


Proof of Theorem 5.1 Using (3.10) we can write for even k 


E 


x^Lnidw) 


l+d 


E 


B. 


s=d ' uievvf rex'* 


sgn('u;, r) 


(1) ^ n^-^\yv'i\ 

- 2 (ng)^/2 

s=d 




n E 


rex'* 



nq'^k/2+d- 


^ {nq)^l^m\ nq — 1 


m=0 


<d{2Vd)>^^^y - 

nq — 1 m 

^ m=0 


m! \ y Anq 


k-^ 


(4) 


d 


< 2d(2^/d)'=exp ( J—, 
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where for (1) we used the fact that N ^Bn^s,d < “j for (2) we used the fact that the supremum 


is bounded by ^ (see (3.12)), for (3) we used Proposition 
nq > 2. 


5.3 


and for (4) we used the assumption 


Therefore, it follows from the Markov’s inequality that for every ^ > 0 and k even 

¥(^\\H\\ > 2v/d + ^) 

{2Vd + C)’^\ 


N 


< 




\i=l 


^ NE[f^x^LH{dx)] ^ 2n^ 


(2\/d + 0^ 


2 y/d 

(d- 1)! \2y/d + i 


x^Lh{<1x) > 
\ k 


N 


< 




exp d log n + 


dnq 


- log 1 + 


exp I 

2^/d 


d 

Anq 

; 




The claim then follows by choosing k = k{n) to be the largest even integer that is smaller than 


The rest of this section is devoted to the proof of Proposition 5.3 We start with the following 
dehnitions, which provide the correct generalization of the classical dehnition of FK words |AGZ10) to 
the case d > 1. 


Definition 5.4 (Sentences). An (n, d)-sentence (or shortly a sentence) is a hnite sequence of words 
{wi,W 2 , ■ ■ ■ ,Wm) at least one word long. The length of a sentence a is the sum of the lengths of its 
words. Note that unlike for words, in general the length is not the same as the number of crossings 
minus one. 


Definition 5.5 (Support of a sentence). For a sentence a = {wi, ..., Wm) we denote by suppg(a) and 
supprf(a) the union of suppQ(t(;i) respectively supp^(rcj) over 1 < i < m. 

Definition 5.6 (Graph of a sentence). Given a sentence a = (tci,..., Wm) with Wi = cTiqc 7 j ^2 • • • <^ 1,4 
we dehne the graph associated with it Ga = ( 14 , Ea) by 

14 = : 1 < f < m, 1 < A: < 4} 

and 

Ea = {{ajj,crij+i} : l<i<m, 1 < J < 4 - !}• 

As in the word case the sentence a induces a sequence of paths on the graph Ga which together cover 
all of its vertices and edges. Also, the paths induces an ordering on the (d— l)-cells, 0-cells and d-cells 
associated with the graph by following the words according to their order in the sentence and following 
the usual order inside each word. As in the word case we dehne Na{e) = Ewiie) to be the number 

of times the edge e £ Ea is crossed in the sentence a, let Ea^r) = {{a, a'} £ Ea : cr U a' = r} be the 
set of edges associated with the d-cell r and dehne Nair) = YleeEair) -^a(e) to be the total number of 
crossings of r. 

Definition 5.7 (Wigner words). A closed word w of length A; -I- 1 > 1 is called a Wigner word if either 
A: = 0 or A: > 0 is even and w is equivalent to an element of yi^k/ 2 +d' 
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Definition 5.8 (FK words). A word w is called an FK word if the graph associated with w is a 
tree, N^{e) < 2 for every e G and for each r G there is a most one edge e G E^{t) such that 
Xwie) = 2. More generally, a sentence a = {wi,... ,Wm) is called an FK sentence if the graph Ga is 
a tree, Na{e) < 2 for every e G Ea, for each r G X‘^ there is at most one edge e G Ea{T) such that 
Xa{e) = 2, and for every 1 < i < m — 1 the first letter of Wi+i belongs to one of the words wi,..., wt. 
Two FK sentences a = (tci,..., Wm) and a' = ..., w'^,) are called equivalent if m = m' and there 

exists a permutation tt on X^ = V such that TT{wi) = t^{w[) for 1 < i < m (see Definition 
meaning of TT{wi)). 


3.4 


for the 


Definition 5.9 (Word parsing). A parsing of a word w = ai... is a sentence a = {wi,..., Wm) 
such that the concatenation of its words yields w. We say that w = ai .. .CTk is parsed at time i (or 
parsed in UjiTj+i) in the parsing a if cr* and cjj+i do not belong to the same word in a. 


The key definition above is that of the FK word, which is, as it turns out, the correct generalization 
of the definition in [AOZlOl Section 2.1.6] to d > 1. 

Before starting the formal proof of the lemma let us explain its general scheme; see also |AGZ10) 
for more explanations on the structure of the Friredi-Komlos argument for matrices with independent 
entries. The proof starts by showing that each word w G Wg can be parsed into an FK sentence. Since 
the original word can be read from its parsing simply by concatenating the words, it follows that it is 
enough to bound the number of such FK sentences. This is obtained via the following three steps, (a) 
Bounding the number of words in the FK sentence, (b) Bounding the number of ways to choose the 
equivalence classes of the FK words for the FK sentence, (c) Bounding the number of ways one can 
“glue” the chosen FK words together in order to obtain an FK sentence. The first bound, (a), which 
is obtained for d = 1 by a simple observation (see |AGZ10| 1. requires a new argument for d > 1, which 
is similar in spirit to the one used to prove Lemma 3.11[ 2). The second bound, (b), is obtained by 
showing that each FK word can be parsed to a sentence which is comprised of disjoint Wigner words 
and then applying Lemma 3.11[ 3) to bound their number. Finally, the bound (c) on the number of 
ways to “glue” the FK words together is obtained by showing that a “good gluing” implies the existence 


of joint geodesic (see the proof of Lemma 5.12) 


Proof of Proposition 5.3 assuming three lemmas. Given a closed word w of length + 1 we define its 
FK parsing as follows: Declare an edge e of the associated graph Gw new if for some index 1 < i < k 
we have e = {ai, crj+i} and cjj+i ^ {ai ,..., Uj}. If an edge e is not new, then it is old (note that old 
edges are the ones that create a loop in Gw in their first crossing). Define Ow to be the parsing obtained 
from w by parsing in crjcrj+i if one of the following occurs: 


• {cTj, (Tj+i} is an old edge of Gw. 

• is a third or subsequent crossing of the edge {ai,ai+i}. 

• is a second crossing of the edge {crj,(Tj+i} and there exists an edge {a, a'} G Ewicri U 
(Ti+i) which is crossed twice in aia2 ... Ci. 


Since this parsing eliminates all loops in Gw, third and subsequent visits to edges and leaves in 
each d-cell at most one edge which is crossed twice the resulting sentence Ow is indeed an FK sentence. 

As indicated before, every word w can be recovered from its FK sentence a^,. Therefore it is enough 
to bound the number of such FK sentences. The following three lemmas contain the required bounds 
for this purpose. 

Lemma 5.10. For every w G the number of words m-w in the FK sentence aw satisfies 


1 < mw < k + I — 2{s — d). 
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Lemma 5.11. There are at most '^{2^/d)^ equivalence classes of FK words of length k. 

Lemma 5.12. Let b be an FK sentence comprised of m—1 words of total length I and z an FK word. 
Then there are at most P FK words w equivalent to z such that {b,w) is an FK sentence. (Informally, 
there are at most l'^ ways to glue z to b so that the result is an FK sentence.) 

Assuming the last three lemmas, we turn to complete the proof. Assume first that = m. There 
are ways to choose m-tuples {li,... ,lm) of positive integers summing to /c + 1 which are the 

length of the words in the sentence a^. Given the lengths of the words, by Lemma 5.11 there are 
at most ways to choose equivalence classes for each of these FK 


words. Finally, due to Lemma 5.12 there are at most if (/i + ^ 2 )^ • • • (Zi + ... + Im-i)'^ < ways 


to choose representatives in order to obtain an FK sentence. 
Combining all of the above, we find that there are at most 




equivalence classes of FK sentences with m words. 

Using now Lemma 5.10| we conclude that the number of equivalence classes of FK sentences of 
length A; + 1 is bounded by 


k-\-l—2(s—d) 




k+l-2is-d) 

< E ^ 


m=l 


(m — 1)! 


k-2{s-d) (Fdi.3\^ 

d{2y/df E ^ 

m=0 


m\ 


thus completing the proof. 


□ 


Next we turn the proof of Lemmas 5.10-5.12 


Proof of Lemma 5.1C\ Fix tc G and let a^j be the parsing of w into an FK sentence consisting 
of niw words. Denoting by r^ the number of crossings along a^u, we have A: + 1 = niw + Uw Thus, 
it is enough to show that > 2{s — d). Since |suppo(rc)| = s it follows that there are (s — d) 
crossings in w, denoted by (crjQ)(TjQ)^i)®Z^, such that contains a 0-cell that does not belong to 

cji U ... U CTjQ). Without loss of generality, we assume that the 0-cells are indexed by [nj and that they 
are discovered in increasing order. Therefore in the crossing we discover the 0-cell d + i{j). 

Since contains a new 0-cell that did not appear in cJi U ... we must have that 

is a first crossing of the edge and that it does not create a loop (i.e., it is a new edge). 

Consequently, for 1 < j < s — d are all crossings in as well. In addition, the crossings 

for 1 < j < s — d are all disjoint since the d-cells associated with them crj(p U are 

disjoint. Thus, r^ > s — d. 

Next, for 1 < j < s — d denote by the second crossing in w of the d-cell U 

in w. Each of the crossings (Tfc(p(TfcQ)_|_i which is also a crossing in Uw increases r^ by one and so we 
only need to find an additional crossing of to replace those crossings cTfc(p(TfcQ)_|_i in w which are 
not crossings in a«,. Fix 1 < j < s — d such that crfc(pcrfc(j)+i is not a crossing in a^u. Since cTfc(j 
is the second crossing of the d-cell U (TjQ)_|_i this can only happen if the edge {o'fcQp is 

an old edge which in particular implies that i-e., there are at least 3 

distinct (d — l)-cells in the boundary of the d-cell crpj) U appearing along w. Let aj denote the 

first (d — l)-cell in the boundary of fipj) U that appears in w and is not apj) or cjj(p_|_i. Finally, 
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let denote the first crossing in w snch that <7z(j)+i = aj. Since <7 zq)+i is the hrst appearance 

of aj, the crossing is not of an old edge and is a hrst visit to the edge 

Conseqnently, it is also a crossing in a^. 

For 1 < J < s — d dehne 


r{j) = 



if is a crossing in ayj 

if is not a crossing in ay^, 


In order to show that > 2{s — d) and thns to complete the proof it is thns left to show that 
the crossing times {i{j)}jZf U {r'(j)}^Z^ are distinct. This is indeed the case, as can be seen by the 
following observations: 


• It was already observed before that the times {i(j)}jZf are all distinct as the associated crossings 
cTj(j)(TjQ)_|_i form distinct d-cells. Similarly, for every 1 < ji,j2 < s — d the crossing times i{ji) 
and r(j 2 ) are distinct. Indeed, i{ji) is the hrst crossing time in which the 0-cell ji -|-d is observed. 
Since ^(jZ) cannot be a crossing time in which a new 0-cell is observed, it follows that the times 
i{ji) and r(j 2 ) mnst be distinct. 

• Finally, we claim that the times are distinct. Indeed, assnme that for some 1 < < 

j2 < s — d we have r{ji) = r(j 2 ). 


- If r{ji) = k{ji) and r{j 2 ) = k{j 2 ), then r(ji) / r{j 2 ) since the d-cells U = 

U and U U crj(j2)+i associated with the crossings are 

distinct and thns in particnlar so are the crossing times. 


If r{ji) = k{ji) and r(j 2 ) = l(j 2 ), then r{ji) ^ r(j 2 ) since the d-cell U 

contains the 0-cell d + j 2 which by dehnition does not belong to the d-cell CTk{ji) = 

If r(ji) = l{ji) and r{j2) = k{j2), then r{ji) ^ ?’(j 2 ) (see Fignre 5.1). Indeed, assnme that 
^(ji) = Since the d-cell U is the d-cell in which the 0-cell d + j2 appears 

for the hrst time we mnst have that d + j 2 belongs to crK^j^-^ U In addition, since 

belongs to U and ji < j 2 , it follows that the 0-cell d -|- j 2 does not 

belong to and so it mnst be in crK^j^y However, this implies that crk(j 2 ) U <Tfc(j 2 )+i = 

cTjQ' 2 ) U cTjQ- 2 )+i is not the hrst d-cell containing the 0-cell d -|- j 2 , which contradicts its 
dehnition. 


- If r{ji) = l{ji) and r(j 2 ) = I(j 2 ), then r(ji) / r{j 2 ). Indeed, we mnst have that <Ti{jy+i, 
which belongs to the bonndary of U only contains 0-cells that appeared nntil 

the crossing of U i.e., only 0-cells from 1, 2,..., ji + d. However, mnst 

contain the 0-cell d + j 2 by dehnition. This leads to a contradiction since ji < j 2 - 


This conclndes the proof. 


□ 


Proof of Lemma 5.11\ We start by showing that each FK word can be written in a nniqne way as a con¬ 
catenation of disjoint Wigner words. Let w = ai... aihe sm FK word of length 1. Let {cjj(j), 
be the edges in the graph which are crossed precisely once by the path w. Dehning i(0) = 0 and 

we now claim that the words Wj are closed and disjoint and that Gy,, is a tree 


Wj crj(j_i)+i 


in which every d-cell, and every edge are crossed precisely twice, i.e., the words Wj are disjoint Wigner 
words. Indeed, denote the above parsing of w by bw Since Gy, is a tree, the graph is a forest 
and the paths generated by by, on it cross each edge precisely twice. In addition, since in an FK word 
there is at most one edge inside each d-cell which is crossed twice, it follows that each d-cell r which is 
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Figure 5.1: Illustration for the case r{ji) = l{ji) and r(j 2 ) = k{j 2 )- Note that the in order for r{ji) 
to be the same as r(j 2 ) the path must reach the (d — l)-cell cr;(j 2 )+i (which does not contain the 0-cell 
d + j 2 ) through a d-cell that contains the 0-cell d + j 2 - However, this implies that this d-cell is not the 
first d-cell in which the 0-cell d -|- j 2 appears. 


crossed in bw is crossed precisely twice; both times on the unique edge e G Ew[t) such that Nw{e) = 2. 
Finally, note that the words Wj are closed since each edge in their graph is crossed precisely twice and 
it contains no loops as a subgraph of Gb^. Thus each word must be associated with a unique connected 
component of Gb^ and its path must cross each of the edges and d-cells of this component twice. 

From this point on the proof proceeds in the same way as in the case d = 1 (see |AGZ10[ Lemma 
2.1.24]), and we include the conclusion of the proof, adapted from [AOZlOl Lemma 2.1.24], for the 
reader’s convenience. The aforementioned decomposition is unique and one concludes that with Ai^ 
denoting the number of equivalence classes of FK words of length k we get 






, 2 Z -|-1 


k=l 


r=l Zi,Z2,...,Zre2N j=l 


r=l 




i=i 




r=l 


1=1 


where for the last step we used Lemma 3.11 Consequently, using the generating function of the 
Catalan numbers, for \z\ < we have 


oo 




E 


/1 — -y/l — ddz^ 
y 2dz 


r 


1 

2 



1 -|- 2dz \ 

Vl — 4dz^J 


Since ^ 1^1 < 1 it follows that 




k=l 


2 ~^ 2 


^ OO 

l{l + 2dz)f2dH""]z^^ 


k=l 


and thus 


liVfcl < ^(2%/d)X 


□ 


With our definition of FK sentences. Lemma 5.12 follows by the same argument as in the case 
d = 1 (see |ACZ101 Lemma 2.1.25]). For the reader’s convenience we include the appropriately adapted 
version of this argument here. We start with some additional definitions. Recall from the proof of 
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Lemma 5.11| that any FK word w can be written in a unique way as a concatenation of disjoint Wigner 
words bw = {wi,..., Wr)- With <7^^ denoting the first (and last) letter of Wi, define the skeleton of the 
FK word w to be the word w = (TiqfT 2 ,i... cr^q. Finally, for an FK sentence a with a graph Ga define 
a new graph Ga = (14, Ea) by setting 14 = 14 and Ea = {e £ Ea : Na{e) = 1}. Since Ga is a tree and 
the edges removed from it are the one corresponding to edges of the Wigner words G^j, the resulting 
graph Ga is a forest. 


Proof of Lemma 5.12 As avertised above, the proof is almost identical to that of |AGZ10[ Lemma 
2.1.25]. We begin with the following observation. Suppose b is an FK sentence with m — 1 words and 
that w is an FK word equivalent to 2 ; such that (b, w) is an FK sentence. Denote the skeleton of w by 
w = ... aj^, so that cijj is a letter in b by definition. Let I be the largest index such that cij, is 

a letter in b and set w' = Then 14 n 14; = 14' and w' is a geodesic in Gb- 

Assuming the observation holds we finish the proof. The number of ways to choose an FK word 

w equivalent to z such that (6, w) is an FK sentence is bounded by the number of ways to choose a 

geodesic in its forest Gb- The number of ways to choose a geodesic inside a forest is bounded by the 
number of ways to choose its endpoints (since the geodesic is unique) which in turn is bounded by P. 

The proof of the observation follows from the same argument that is used in the graph case d = 1; 
see |AGZini Lemma 2.1.25]. Suppose a is an FK sentence. Then Ga is a tree, and since the Wigner 
words composing w are disjoint, w' is the unique geodesic in Gm C Ga connecting fjjj to CTj^. But w' 
visits only edges of Gb that have been visited exactly once by the words constituting b, for otherwise 
{b,w) would not be an FK sentence (that is, a comme would need to be inserted to split w). Thus 
Eyj' C Eb- Since w is an FK word, E^i = E^^- Since a is an FK sentence Eb H Em = EbD Em- Thus 
Eb n Em = Em'. But, now recall that Ga, Gb, Gw, Gm' are all trees and hence 

1 14 1 = 1 + I Ea I = 1 + I Flfo I + I Em I — I T'6 n Em \ = 1 + | i?;, | + | Em \ — \ Em' \ 

= 1 + |£';,| + 1 + \Em\ — 1 — \Em'\ = |14| + |14)| ~ |14)'|' 

Since |14| + \Vm\ — |14n Vm\ = |14|, it follows that \Vm'\ = |14n Vm\. Since 14' C 14n 14 one concludes 
that 14 / = 14 n 14, as claimed. □ 


6 Proof of Theorem 2.1 


We start this section with the following stronger version of Theorem 2.1 
Theorem 6.1. Assume d >2 and nq > lO^d^. 

(1) For every ^ > 0, the (”^^) smallest eigenvalues of the matrix A are within the interval —pd + 
y/nq [—2y/d — f, 2y/d + ^] with probability at least 1 — £{p) (see ([ 53 ;. 

(2) For every ^ > 0, if nq > d{2d + 2f)^n~^log^ n, then the remaining ((JZi) eigenvalues of A are 
inside the interval np+ [—r(4 n), r(4 n)] with probability at least l — £{{y/6 — 2)y/d) — S’{f) where 

Ae^d^P 

'^(O ■= 71 —y^exp(51og(2d + 2^) + 51oglogn-^logn) 


and 


r(4n) := 6d + 


(d-1)! 
200d^P 


,Jnq — 24d 


+ imdPP {d + ff^/q\og^ n. 


( 6 . 1 ) 


Before proving Theorem 6.1 we show how it implies Theorem 2.1 
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Proof of Theorem\2.1\ assuming Theorem\6.1\ This is an elementary exercise, and we only sketch the 


argument. Part (1) of Theorem 2.1 is proved by dealing separately with the case ^ < 1 and ^ > 1. In 
both cases one can show that the assumption nq > log^ n implies that <5(^/2) < n~^. Finally, 

note that under the same assumption we have pd < f/{2yfnq) which allows us to use the interval 
'/dnq[—2—f^^2+f] instead of —pd+^/dnq[—2—f/2, 2+f^/2]. As for part (2) of Theorem: 


2.1 


note that the 

assumption nq > C{l + D)^ log^ n implies that £{{y/Q — 2)^/d) < n“'^/2 for an appropriate choice of C. 
By choosing ^ = C'{D + 1) with C' depending only on d one can verify that S’{C'{D + 1)) is bounded by 


-D 


n“^/2 as well. Therefore as long as nq > ^ have that with probability at least 1 —n 

that the remaining eigenvalues are within the interval np + [—r(C''(l + D),n), r(C''(l + D),n)] which 
under both assumption of part (2) is contained within the interval np + [—7d, 7d] for an appropriate 
choice of the constant C. Finally, note that the case nq < ^ is impossible, since when 

combined with the assumption nq > C{D + l)^log^n implies that {D + 1)^ < ^ , which by 

increasing the value of the constant C does not hold for any value of n. □ 


The rest of this section is devoted to the proof of Theorem 6.1 We introduce 


1 


P := -{A + dl), 


n 


which by Lemma 4.1 is an orthogonal projection of rank and 


K := 


Vm 

1 — p 


( 6 . 2 ) 


(6.3) 


Proof of Theorem 6.1 part (1). Recall from ( |4.1[ ) that 

{nq)~^^'^{A +pdl) = H + nP, (6.4) 

Therefore, it follows from Theorem |5.1| that for every > 0 with probability at least 1 — £[£^) 

\\{nq)~^/‘^{A + pdl) — kP\\ = ||Ff|| < 2Vd + f. 

Since P is an orthogonal projection whose rank is (^Zif) it follows from Weyl’s inequality that 
the eigenvalues of {nq)~^^‘^{A + pdl) are shifted by at most 2 ^/d + ^ from the ones of kP, which in 
particular gives the required result for the (”Z^) smallest eigenvalues of A. □ 

The above proof also implies that the remaining (()Zi) eigenvalues of A are within an interval of 
size y/riq around n with probability at least 1 — £{f). Since we are interested in showing a better 
concentration result for those eigenvalues we need to obtain better estimation on the largest (^Zi) 
eigenvalues. More precisely, we have the following. Let Y := {nq)~^/‘^{A + pdl) and P := I — P, and 
split 

Y = (PYP + PYP) + (PYP + PYP). 


n 


>2 


It follows that with probability at least 1 — if(^) we have HLZII < ||P|| < 2\/d + f and that (due to 


(6.4)) the distance between the eigenvalues of PYP = PHP + kP and PYP = PHP is at least 
K — 2||Lr|| > K — 2{2\/d + f). Consequently, by |KY14I Proposition A.l], 


|Ai(yi)-A(y)| < 


(2v/d + 0^ 

K — 4:{2y/d + f) 


= O 


(—) 

\y/nq J 


(6.5) 
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for every < i < (2). Since Yi = PHP + kP + PHP it follows that Xi(Yi) for < i < (^) 

are shifted from k by an amount which is at most the norm of the matrix PHP. 

Combining all of the above we conclude that 

\Xii{nq)-^/^A) -k\< \Xi{{nq)-^/^A) - A,(y)| + |Ai(y) - Ai(yi)| + |Ai(yi) - 

< ^ + (2\/d + 0^ ^ IIPFPII 

“ y/m K-i{2\/d + C) 


for every < i < (^)- Thus it is enough to obtain a better bound on the norm of PHP, which is 

the content of the following proposition. 

Proposition 6.2. For every t] > 0, if nq > ig^egS , then 


\PHP\\ > rj 


log^ n 


n 


4e3^5/2 




+ 5 log log n — 


2 KMy^eJ 


1/3 


-d 


logn 


(6.7) 


Before proving Proposition 6.2 we use it to conclude the proof of Theorem |6.1 


Proof of Theorem 6.1 part (2). It follows from Proposition 6.2 (with {2d + 2^)^) that with 

probability at least 1 — S’{^) we have ||PPrP|| < dd^/^e (2d + log^ n assuming th at n q > 

d(2d + 2^)®n“^ log®n. When combined with (|6.6|) (with the value ^ = {\/6 — 2)\fd in Theorem 6.1 part 


(1)) this yields that with probability at least 1 — S{{-\/Q — 2)\fd) — S’{^) we have | Aj(^) — np\ < r(^, n) 
for every < i < (()), assuming that nq > d(2d + 2^)®n“^ log® n. □ 


6.1 Proof of Proposition |6.2| 

The proof of Proposition |6.2| is based on a variant of the FK method developed in Section There 
are several differences between the proof for the matrix H and for the matrix PHP. First, since the 
matrix P is deterministic, the requirement that each d-cell must be crossed twice is only valid for 
crossings associated with entries of H, resulting in a weaker constraint on the set of admissible words. 
Second, in the Fiiredi-Komlos-type bound on the number of equivalence classes of words (see Lemma 


6.71 we only obtain a rough bound, by showing that the words in the FK parsing contain at least s — d 


crossings, instead of the 2(s — d) crossings proved in Lemma 5.10 we note that this bound may be 
improved using a more refined analysis, but it is sufficient for our purposes and has the advantage of 
having a relatively concise proof. Finally, the diagonal entries of the matrix P are non-zero, which 
leads to a slightly larger class of words. The losses resulting from the weaker restriction on the set of 
admissible words and the weaker lower bound on the number of crossings in words of the FK parsing 
are compensated by the additional factor n~^ associated with each entry of P, which ultimately allows 
us to improve the final estimate by the required factor {nq)~^^‘^. 

The proof starts with the following observation. Let Q := nP = A -|- dJ and B := A — E[A]. Then, 


analogously to (3.5), we have 


E 


LpHp{dx) 




n 


p'^k/2j^k 


E 


|E|a 


cr\cr2Qcr2cr3 ■ ■ ■ ^U2k-l<’^2k 


(6.8) 




We wish to rewrite the last sum using closed word, similarly to (3.10). In order to do that a new 
definition for words is needed. 


23 
























Definition 6.3 (2-words). An (n, (i)-word w of type 2 (or shortly a 2-word) is a finite sequence 
cJi ... cr2k^2k+i of letters at least three letters long such that: 

• fT 2 i-i U a 2 i is a d-cell for every 1 < i < k. 

• For every 1 < i < k either a 2 i U a 2 i+i is a d-cell, or a 2 i = (y 2 i+i- 

The length of tc = di... (T 2 k+i is defined to be 2A; -|- 1. A 2-word is called closed if its first and last 
letters are the same. Two 2-words w = ai... a'2k-ei w' = a'l... crL,-, are called equivalent if there 


for the meaning of 7 r(cri)). 

Definition 6.4 (Support of 2-words). For a 2-word w = ai ... (T2k+i ^6 define its support suppo(rc) = 
cJi U iT 2 U ... U cT 2 fc+i, its d-cell support 


exists a permutation vr on = V such that iT{ai) = cj( for every 1 < i < 2A: -|- 1 (see Definition 3.4 


supPd(rc) = {ai U dj+i : 1 < i < 2A: such that \ai U ai+i\ = d -|- 1}, 


and its odd-crossing d-cell support supp2^‘^(t(;) = {a 2 j-i U a 2 j ■ 1 < j < k}. 


Definition 6.5 (The graph of a 2-word). Given a 2-word w = ai... a 2 k+i we define Gw = {Vw, to 
be the graph with vertex set Vw = : 1 < z < 2A: -|- 1} and edge set = {{ai, dj+i} : 1 < z < 2A;}; 

note that we may have dj = dj+i, in which case {dj, dj+i} gives rise to a loop in Ew For an edge e G E^ 
we define Nw{e) = |{l<z<2A:-|-l : {dj, dj+i} = e}| to be the number of times the edge e is crossed 
along the path generated by w in the graph Gw, and let N°'^’^{e) = \{1 < j < k : {d 2j-i,d2j} = e}| 
be the number of crossings made in odd steps. As in the case of words we define the z-th crossing time 
of an edge and of a d-cell. In addition, the edges of the graph Gw that are not loops can be divided 
into different classes according to the d-cell generated by the two (d — l)-cells which form its vertices. 
For a d-cell r we define Ew{t) = {{d, d'} G Ew ■ d U d' = r} and Nw{t) = J2eeE,j,{T) E^wie), and let 


Using the above definitions and going back to (6.8) we see that each term in the sum can be 
associated with a list of letters w = did 2 ... d 2 fcd 2 fc+i with d 2 fc+i = di. Since = 0 whenever 

aUa' ^ and Qa,a' = 0 unless d U d' G X'^ oi a = a' it follows that we can restrict the sum in (6.8) 
to those w = ai... d 2 fe+i which are closed 2-words of length 2k -\- 1. Using the independence structure 
of A for different d-cells and the definitions of Nw and Nw^odd we then have 


E 


x^LpHp{dx) 


< 


1 


E 


i(ng) 2 2-word 

of length fc-l-1 


< 


d2fc+l 


E 


a closed 2-word 
of length fc-l-1 


r£X‘i o-eX'^-l 


n e[(x 

r&Xd 


Since E[x —p] =0, it follows that we can restrict the last sum to those 2 -words for which At°^'^(T) 7 ^ 1 
for every r G X*^. 

Next, we rewrite the sum over such words using their equivalence classes. Denoting by [tc] the 
equivalence class of a 2 -word w, we have 


E 


x^LpHp{dx) 


< 


(fkd-l 


n' 


d-l 


(nq )2 


Eiw 


n e[(x 


(6.9) 
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where the sum is over representatives of the equivalence classes of closed 2 -words of length 2 k+ 1 such 
that ^ 1 for every r G 

We further distinguish between different equivalence classes according to the number of 0-cells in 
suppo(u^)- Denoting by Wg = W^(n, d) a set of representatives for the equivalence classes of closed 
2-words of length 2A: -|- 1 such that 7 ^ 1 for all r G and |suppg(t(;)| = s, and observing 

that by the same argument used to prove Claim |3^ the number of elements in the equivalence class 
of re G is Bn,s 4 = , we can rewrite (6.9) as 


E 


X^LpHp{dx) 


< 


uiSWj 




n' 


d—li 


nq) 2 nk 


n ix - 

rex'* 


|supp2"(«;)| 

< E - , , .fe , \^s\, 


s>d 


n' 


d-i 


{nq) 2 nk 


( 6 . 10 ) 


where for the second inequality we used the same argument that yields (3.12). 

The next lemma gives constraints on the value of |supp2^'^(r(;)| for a given s as well as a bound on 
the values of s itself. 

Lemma 6.6. We have I™ppo(***)I~'^ < |supp2'^^(t(;)| < [|j, and therefore |suppo(u))| < A:-|-d. 

Proof. Recalling that A^odd('7‘) p 1 for all r G X'^ and using the fact that X^reX"* = A: it 
follows that |supp))‘^'^(r(;)| < [|j. As for the lower bound, note that if aj is the hrst appearance of a 
new 0-cell, then both cJi_i(Tj and crjCJj+i are crossings in which this 0-cell appeared. Consequently, the 
d-cells crossed in odd times contain all 0 -cells in suppo(r(;), and each odd crossing can reveal at most 
two new 0 -cells. □ 


Combining (6.10) and Lemma 6.6 yields 
E f xkLpHp{dix) 


< 


d2fc+l 


k-\-d 




( 6 . 11 ) 


{nq) 2 nk - 

What remains is an Fiiredi-Komlos-type bound on IW^ |, which is the content of the following lemma. 
Lemma 6.7. For every d < s < A: -|- d 

|W,^| < 2 d (4d)^ {2k + l){Vd{2k + iffk+i-is-d) 


Before proving Lemma 6.7 we use it to conclude the proof of Proposition 6.2 Combining (6.11) 


and Lemma 6.7 we get for even k 


E 


x'^LpHp{dx) 


< 2d‘^{2k + l) 


{4d^)k{^/d{2k + l)3)2fc+i ^ / n^q 


{nq )2 n 


fc-i 


S V\/d(2A: + l)3 


s—d 




k-l 


ny/q 


Vd{2k + l)^ 


< 2d^/‘^{2k + l)^n 


{nq) 2 n 

/ 4d"/^(2A; + l)3 y / 4d"(2fc + l )6^" 

y y V V^qn 


+ 1 
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It follows from Markov’s inequality that for every even k 


\PHP\\ > 1] 


log^ n 


n 


< 2d^/‘^{2k + lf 


n 


{d-l)\ 


(AdJ/‘^{2k + lfV ^ (Ad‘^{2k + lf^ 
\ T] log^ n J \ y/q n rj log^ n j 


By taking k = k(n) to be the largest even integer which is smaller than logn — 1 and 

assuming that nq > we obtain that 


\PHP\\ > rj 


log^ n 


n 


< 


4e3^5/2 

(d-1) 

thus completing the proof. 


’ f V \ rTi , 

[ 2 ( 45 ^ 7 ^) -■' 


logn 


□ 


Proof of Lemma\6. % We closely follow the proof of Proposition 


5.3 


Given w G we dehne its FK 


parsing by parsing w in the crossing fTifii+i if one of the following occurs: 

• {cTj, (Tj+i} is an old edge of Gw 

• {cTj, fJi+i} is a third or subsequent crossing of the edge {(Ti,cjj+i}. 

• is a second crossing of the edge {crj,(Tj+i} and there exists an edge {a, a'} G Eu,{ai U 
(Tj+i) in the d-cell as fjj U iTj+i which is crossed twice in cji(T 2 ... (Tj. 

• {cTj, fJi+i} is a loop. 


The resulting sentence is an FK sentence in the sense of Dehnition 5.8 Since the path of each word 
in Wg must contain s — d crossing times in which a new 0-cell is observed, it follows that the number 
of words mm in the FK sentence satisfies 

1 < mw <2k + l — {s — d). 


By repeating the same argument as in the proof of Proposition 5.3 and using Lemma 5.11 and 
Lemma 15.121 we obtain 

2k + l-{s-d) / r,, \ / n\^ 

iwf’l < (m-l)(^) + 

< 2d(4d)^(2A; + l){Vd{2k + i)3)2fc+i-(s-d)^ 


thus completing the proof. 


□ 
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